We provide a simple analytical solution of the Friedmann equations for a universe made of stiff matter, dust matter, and dark energy. A stiff matter era is present in the cosmological model of Zel'dovich (1972) where the primordial universe is assumed to be made of a cold gas of baryons. It also occurs in certain cosmological models where dark matter is made of relativistic self-gravitating Bose-Einstein condensates (BECs). When the energy density of the stiff matter is positive, the primordial universe is singular. It starts from a state with a vanishing scale factor and an infinite density. We consider the possibility that the energy density of the stiff matter is negative (anti-stiff matter). This happens, for example, when the BECs have an attractive self-interaction. In that case, the primordial universe is non-singular. It starts from a state in which the scale factor is finite and the energy density is equal to zero. For the sake of generality, we consider a cosmological constant of arbitrary sign. When the cosmological constant is positive, the universe asymptotically reaches a de Sitter phase where the scale factor increases exponentially rapidly. This can account for the accelerating expansion of the universe that we observe at present. When the cosmological constant is negative (anti-de Sitter), the evolution of the universe is cyclic. Therefore, depending on the sign of the energy density of the stiff matter and of the dark energy, we obtain singular and non-singular expanding or cyclic universes.
I. INTRODUCTION
In a seminal paper, Zel'dovich [1] introduced a cosmological model in which the very early universe is assumed to be made of a cold gas of baryons with a stiff equation of state P = ǫ, where P is the pressure and ǫ is the energy density. For a stiff matter fluid, the velocity of sound c s = P ′ (ǫ)c is equal to the velocity of light [2] . In that case, the energy density decreases as ǫ ∝ 1/a 6 where a(t) is the scale factor. This phase, if it has ever existed, preceded the radiation era (P = ǫ/3, ǫ ∝ a −4 ), the dust matter era (P = 0, ǫ ∝ a −3 ), and the dark energy era (P = −ǫ, ǫ = ǫ Λ ). A stiff matter era also occurs in certain cosmological models in which dark matter is made of relativistic self-gravitating BECs [3] . In that case, the energy density of the stiff matter can be positive or negative depending whether the self-interaction of the bosons is repulsive or attractive.
We show that when radiation is neglected, the Friedmann equations for a universe made of stiff matter, dust matter, and dark energy can be integrated analytically. This provides a simple cosmological model exhibiting a stiff matter era. We consider the general case where the energy density of the stiff fluid is positive or negative. The case of a stiff fluid with a positive energy density is very similar to the standard model of cosmology in the sense that the universe begins by a singularity at t = 0 in which the scale factor is equal to zero while the energy density is infinite. Initially, the scale factor increases as a(t) ∝ t 1/3 and the energy density decreases as ǫ(t) ∝ t −2 . Interestingly, the presence of a stiff fluid with a negative energy density (anti-stiff fluid) prevents the primordial singularity. In that case, we obtain a model of universe in which the initial scale factor is finite and the energy density is equal to zero. For the sake of generality, we consider a positive or a negative cosmological constant. At late times, a dark fluid with a positive energy density leads to a de Sitter phase in which the scale factor increases exponentially rapidly. This can account for the present acceleration of the universe. By contrast, when the dark fluid has a negative energy density (antidark fluid) the evolution of the universe is cyclic.
The paper is organized as follows. In Sec. II, we consider a perfect fluid at T = 0 described by a polytropic equation of state of the form P = Kρ 2 where ρ is restmass density. We determine the relation between the energy density ǫ and the rest-mass density ρ and obtain an explicit equation of state P (ǫ) relating the pressure to the energy density. At high energies, it reduces to a stiff equation of state P ≃ ǫ for which the velocity of sound is equal to the velocity of light. This equation of state describes a cold gas of baryons in Zel'dovich model [1] or a relativistic gas of BECs (in certain approximations) [3] . In Secs. III and IV, we apply this equation of state to cosmology. This leads to a cosmological model exhibiting a primordial stiff matter era, followed by a radiation era, a dust matter era, and a dark energy era. In Secs. V-IX, we provide simple analytical solutions of the Friedmann equations for a universe comprising a stiff fluid. We consider four cases: (i) a singular expanding universe with K ≥ 0 and Λ ≥ 0; (ii) a non-singular expanding universe with K ≤ 0 and Λ ≥ 0; (iii) a singular cyclic universe with K ≥ 0 and Λ ≤ 0; (iv) a non-singular cyclic universe with K ≤ 0 and Λ ≤ 0.
II. A STIFF EQUATION OF STATE
In this section, we consider physical systems described by a stiff equation of state.
A. General results for a fluid at T = 0
The local form of the first law of thermodynamics can be written as
where ρ is the mass density and s is the entropy density in the rest frame. For a system at T = 0, the first law of thermodynamics reduces to
For a given equation of state, Eq. (2) can be integrated to obtain the relation between the energy density ǫ and the rest-mass density ρ. For example, let us assume that the equation of state is prescribed under the form P = P (ρ).
In that case, Eq. (2) reduces to the first order linear differential equation
Using the method of the variation of the constant, we obtain
where A is a constant of integration. For an equation of state P (ρ) such that P ∼ ρ γ with γ > 1 when ρ → 0, we determine the constant A in Eq. (4) by requiring that ǫ ∼ ρc 2 when ρ → 0. This gives
We note that u(ρ) may be interpreted as an internal energy [4] .
We consider the equation of state
corresponding to a polytrope of index n = 1 [5] . In that case, Eq. (5) reduces to
This equation can be reversed to give
Combining Eqs. (6) and (8), we obtain the relation between the pressure and the energy density
For ǫ → 0 (non-relativistic limit), we get
This is a polytropic equation of state P = K(ǫ/c 2 ) 2 of index n = 1. For ǫ → +∞ (ultra-relativistic limit), we get
This is a linear equation of state P = ǫ that is called "stiff" because the velocity of sound is equal to the velocity of light (c s = c).
For the equation of state (9) , the velocity of sound is given by
We always have c s < c. For ǫ → +∞, c s → c.
C. Gas of baryons interacting through a vector meson field
Zel'dovich [1, 2] introduced a cosmological model in which the primordial universe is made of a gas of baryons interacting through a vector meson field and showed that the equation of state of this system is of the form of Eq. (6) with a polytropic constant
where g is the baryon charge, m m is the meson mass, and m b is the baryon mass. Zel'dovich [2] introduced this equation of state as an example to show how the speed of sound could approach the speed of light at very high pressures and densities. Zel'dovich [1, 2] also mentions that the complete equation of state of his model is of the form
where K is given by Eq. (13) and the second term accounts for quantum (Fermi) corrections. For the equation of state (14), we find from Eq. (5) that the relation between the energy density and the rest-mass density is
D. Relativistic self-gravitating BECs Some authors have proposed that dark matter may be made of self-gravitating BECs with short-range interactions [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . In the TF approximation, a BEC is equivalent to a fluid with an equation of state of the form of Eq. (6) with a polytropic constant (6) with the relativistic relation (7) between the energy density and the rest-mass density. This approximation has been considered in [3] . A feature of BECs is that the scattering length a s can be positive or negative [26] . Positive values of a s correspond to repulsive interactions and negative values of a s correspond to attractive interactions. When a s is positive, the pressure is positive and when a s is negative the pressure is negative. We shall consider the two possibilities in the following.
III. COSMOLOGY WITH A STIFF FLUID
In this section, we derive the main equations governing the evolution of a universe described by a stiff equation of state of the form of Eq. (9).
A. The Friedmann equations
We assume that the universe is homogeneous and isotropic, and contains a uniform perfect fluid of energy density ǫ(t) and isotropic pressure P (t). The radius of curvature of the 3-dimensional space, or scale factor, is noted a(t) and the curvature of space is noted k. The universe is closed if k > 0, flat if k = 0, and open if k < 0. We assume that the universe is flat (k = 0) in agreement with the observations of the cosmic microwave background (CMB) [27] . In that case, the Einstein equations can be written as [28] :
where we have introduced the Hubble parameter H = a/a and accounted for a possible non-zero cosmological constant Λ. The cosmological constant is equivalent to a dark energy fluid with a constant density
and an equation of state P = −ǫ. Eqs. (17)- (19) are the well-known Friedmann equations describing a nonstatic universe. Among these three equations, only two are independent. The first equation can be viewed as an equation of continuity. For a given barotropic equation of state P = P (ǫ), it determines the relation between the energy density ǫ and the scale factor a. Then, the evolution of the scale factor a(t) is given by Eq. (19) .
B. General results for a fluid at T = 0
We assume that the universe is made of a fluid at T = 0 with an equation of state P (ρ). In that case, the relation between the energy density ǫ and the rest-mass density ρ is given by the first law of relativistic thermodynamics, Eq. (2) . Combining this relation with the continuity equation (17), we get
We note that this equation is exact for a fluid at T = 0 and that it does not depend on the explicit form of the equation of state P (ρ). It can be integrated into
where ρ 0 is the present value of the rest-mass density and a 0 is the present value of the scale factor.
C. Polytrope n = 1
We now consider the equation of state (6). As we have seen, this equation of state appears in the cosmological model of Zel'dovich [1] in which the early universe is made of a cold gas of baryons. This equation of state also appears in certain cosmological models in which dark matter is made of relativistic BECs [3] . For the equation of state (6), Eq. (5) can be integrated easily and the relation between the energy density and the rest-mass density is given by Eq. (7). Combining Eqs. (7) and (22), we get
This relation can also be obtained by solving the continuity equation (17) with the equation of state (9), see Appendix D of [3] .
In the early universe (a → 0), we have
These equations describe a stiff fluid (P = ǫ) for which the velocity of sound is equal to the velocity of light. In the late universe (a → +∞), we have
These equations describe a fluid with a polytropic equation of state of index n = 1 (P = Kǫ 2 /c 4 ). For very large values of the scale factor, we recover the results of the CDM model (P = 0) since ǫ ∝ a −3 . When combined with the Friedmann equation (19), Eq. (23) describes a model of universe exhibiting a stiff matter phase (ǫ ∝ a −6 ), a dust matter phase (ǫ ∝ a −3 ), and a dark energy phase (ǫ ∼ ρ Λ c 2 ).
D. A more general equation of state
If we consider the more general equation of state (14) suggested by Zel'dovich [1, 2] , the relation between the energy density and the rest-mass density is given by Eq. (15) . Using Eq. (22), we get
When combined with the Friedmann equation (19) , Eq. (26) describes a model of universe exhibiting a stiff matter phase (ǫ ∝ a −6 ), a radiation phase (ǫ ∝ a −4 ), a dust matter phase (ǫ ∝ a −3 ), and a dark energy phase (ǫ ∼ ρ Λ c 2 ).
IV. THE FRIEDMANN EQUATIONS FOR A UNIVERSE PRESENTING A STIFF MATTER ERA
In this section, we assume that the universe is made of one or several fluids each of them described by a linear equation of state P = αǫ. The equation of continuity (17) implies that the energy density is related to the scale factor by ǫ = ǫ 0 (a 0 /a) 3(1+α) , where the subscript 0 denotes present-day values of the quantities. A linear equation of state can describe dust matter (α = 0, ǫ m ∝ a −3 ), radiation (α = 1/3, ǫ rad ∝ a −4 ), stiff matter (α = 1, ǫ s ∝ a −6 ), vacuum energy (α = −1, ǫ = ǫ P ), and dark energy (α = −1, ǫ = ǫ Λ ).
More specifically, we consider a universe made of stiff matter, radiation, dust matter and dark energy treated as non-interacting species. Summing the contribution of each species, the total energy density can be written as
In this model, the stiff matter dominates in the early universe. This is followed by the radiation era, by the dust matter era and, finally, by the dark energy era. Writing ǫ α,0 = Ω α,0 ǫ 0 for each species, we get
The last term in Eq. (28), corresponding to the dark energy, is equivalent to the cosmological constant in Eq. (19) . For the sake of generality, we consider the case of a positive (Ω Λ,0 ≥ 0) or negative (Ω Λ,0 ≤ 0) cosmological constant Λ. When the radiation term is neglected, Eq. (28) is equivalent to Eq. (23) obtained from the equation of state (6) and (13) proposed by Zel'dovich [1, 2] or from the equation of state (6) and (16) corresponding to a relativistic BEC [3] . On the other hand, Eq. (28) with the radiation term included is equivalent to Eq. (26) obtained from the more general equation of state (14) and (13) suggested by Zel'dovich [1, 2] . Comparing Eqs. (23) and (28), we see that a positive value of K corresponds to a positive energy density of the stiff matter while a negative value of K corresponds to a negative energy density of the stiff matter. We shall therefore consider the two possibilities Ω s,0 ≥ 0 and Ω s,0 ≤ 0. However, we take Ω m,0 ≥ 0 and Ω rad,0 ≥ 0.
Using Eq. (28), the Friedmann equation (19) takes the form
with Ω s,0 + Ω rad,0 + Ω m,0 + Ω Λ,0 = 1 and H 0 = (8πGǫ 0 /3c 2 ) 1/2 . We note the relation
The evolution of the scale factor is given by
Ωs,0
where a i is the initial value of the scale factor determined below. In Secs. V-VIII, we ignore radiation (Ω rad,0 = 0) and consider a universe made of stiff matter, dust matter, and dark energy. In that case, the Friedmann equation (31) reduces to a/a0 ai/a0 dx x Ωs,0
which can be integrated analytically. In Secs. IX, we provide some particular analytical solutions of Eq. (31) in the case where the radiation is taken into account.
V. THE CASE Ωs,0 ≥ 0 AND ΩΛ,0 ≥ 0
We first consider the case of a positive stiff energy density (Ω s,0 ≥ 0) and a positive cosmological constant (Ω Λ,0 ≥ 0). The total energy density is
The energy density starts from ǫ = +∞ at a = a i = 0, decreases, and tends to ǫ Λ for a → +∞. The relation between the energy density and the scale factor is shown in Fig. 1 . The proportions of stiff matter, dust matter and dark energy as a function of the scale factor are shown in Fig. 2 . A. Stiff matter, dust matter, and dark energy
We consider a universe made of stiff matter, dust matter, and dark energy. Using the identity
Eq. (32) can be solved analytically to give
From Eq. (35), we can compute H =ȧ/a leading to
The energy density ǫ/ǫ 0 is given by Eq. (30) At t = 0 the universe starts from a singular state at which the scale factor a = 0 while the energy density ǫ = +∞. The scale factor increases with time. For t → +∞, we obtain
The energy density decreases with time and tends to ǫ Λ for t → +∞. The expansion is decelerating during the stiff matter era and the dust matter era while it is accelerating during the dark energy era. The temporal evolutions of the scale factor and of the energy density are shown in Figs. 3 and 4 .
B. Stiff matter and dust matter
We consider a universe made of stiff matter and dust matter. In the absence of dark energy (Ω Λ,0 = 0), using the identity
we obtain
C. Stiff matter and dark energy
We consider a universe made of stiff matter and dark energy. In the absence of matter (Ω m,0 = 0), using the identity
or setting X = b/cx 6 and using the identity
we get
D. Stiff matter
We consider a universe made of stiff matter. In the absence of dust matter and dark energy (Ω m,0 = Ω Λ,0 = 0), we find that
E. Dust matter and dark energy
We consider a universe made of dust matter and dark energy. In the absence of stiff matter (Ω s,0 = 0), using the identity
or setting X = a/cx 3 and using identity (42), we obtain
This corresponds to the ΛCDM model.
F. Dark energy
We consider a universe made of dark energy. In the absence of stiff matter and dust matter (Ω s,0 = Ω m,0 = 0), we obtain
This is de Sitter's solution.
G. Dust matter
We consider a universe made of dust matter. In the absence of stiff matter and dark energy (Ω s,0 = Ω Λ,0 = 0), we obtain
This is the Einstein-de Sitter (EdS) solution.
VI. THE CASE Ωs,0 ≤ 0 AND ΩΛ,0 ≥ 0
We consider the case of a negative stiff energy density (Ω s,0 ≤ 0) and a positive cosmological constant (Ω Λ,0 ≥ 0). The total energy density is
The energy density is positive for a ≥ a i with
where we have defined
The energy density starts from ǫ = 0 at a = a i , increases, reaches a maximum at
decreases, and tends to ǫ Λ for a → +∞. The relation between the energy density and the scale factor is shown in Fig. 5 . The proportions of stiff matter, dust matter and dark energy as a function of the scale factor are shown in Fig. 6 . A. Anti-stiff matter, dust matter, and dark energy
We consider a universe made of anti-stiff matter, dust matter, and dark energy. Using the identity (34), Eq. (32) with a i given by Eq. (52) can be solved analytically to give From Eq. (55), we can compute H =ȧ/a leading to
The energy density ǫ/ǫ 0 is given by Eq. (30) At t = 0 the universe starts from a non-singular state at which the scale factor a = a i and the energy density ǫ = 0. The scale factor increases with time. For t → +∞, we obtain
The energy density increases, reaches its maximum value ǫ * at t = t * where decreases and tends to ǫ Λ for t → +∞. The universe is accelerating during the anti-stiff matter era, decelerating during the dust matter era, and accelerating during the dark matter era. The temporal evolutions of the scale factor and of the energy density are shown in Figs. 7 and 8.
B. Anti-stiff matter and dust matter
We consider a universe made of anti-stiff matter and dust matter. In the absence of dark energy (Ω Λ,0 = 0), using the identity (38), we obtain
At t = 0 the universe starts from a non-singular state at which the scale factor a = a i with
and the energy density ǫ = 0. The scale factor increases with time. The energy density increases, reaches its maximum value
at
and decreases.
C. Anti-stiff matter and dark energy
We consider a universe made of anti-stiff matter and dark energy. In the absence of matter (Ω m,0 = 0), using the identities (41) and (42), we obtain
and the energy density ǫ = 0. The scale factor increases with time. The energy density increases with time and tends to ǫ Λ for t → +∞.
VII. THE CASE Ωs,0 ≥ 0 AND ΩΛ,0 ≤ 0
We consider the case of a positive stiff energy density (Ω s,0 ≥ 0) and a negative cosmological constant (Ω Λ,0 ≤ 0). The total energy density is
The energy density is positive for a ≤ a f with
The energy density starts from ǫ = +∞ at a = 0, decreases, and reaches ǫ = 0 at a = a f . The relation between the energy density and the scale factor is shown in Fig. 9 . The proportions of stiff matter, dust matter and dark energy as a function of the scale factor are shown in Fig. 10 .
A. Stiff matter, dust matter, and anti-dark energy
We consider a universe made of stiff matter, dust matter, and anti-dark energy. From Eqs. (35) and (36) with Ω Λ,0 < 0 we get 
The energy density is given by Eq. (30) where H/H 0 can be obtained from Eq. (71) with Eq. (70). At t = 0 the universe starts from a singularity at which the scale factor a = 0 and the energy density ǫ = +∞. Between t = 0 and t = t 1 where
the energy density decreases from ǫ = +∞ to ǫ = 0 and the scale factor increases from a = 0 to a = a f . Between t = t 1 and t = t 2 = 2t 1 the energy density increases from B. Stiff matter and anti-dark energy
We consider a universe made of stiff matter and antidark energy. In the absence of matter (Ω m,0 = 0), we get
At t = 0 the universe starts from a singularity at which the scale factor a = 0 and the energy density ǫ = +∞.
Between t = 0 and t = t 1 where
the energy density decreases from ǫ = +∞ to ǫ = 0 and the scale factor increases from a = 0 to a = a f where
Between t = t 1 and t = t 2 = 2t 1 the energy density increases from ǫ = 0 to ǫ = +∞ and the scale factor decreases from a = a f to a = 0. This process continues periodically with a period t 2 .
C. Dust matter and anti-dark energy
We consider a universe made of dust matter and antidark energy. In the absence of stiff matter (Ω s,0 = 0), we obtain
At t = 0 the universe starts from a singularity at which the scale factor a = 0 and the energy density ǫ = +∞. Between t = 0 and t = t 1 where
Between t = t 1 and t = t 2 = 2t 1 the energy density increases from ǫ = 0 to ǫ = +∞ and the scale factor decreases from a = a f to a = 0. This process continues periodically with a period t 2 . This solution corresponds to the anti-ΛCDM model.
VIII. THE CASE Ωs,0 ≤ 0 AND ΩΛ,0 ≤ 0
We consider the case of a negative stiff energy density (Ω s,0 ≤ 0) and a negative cosmological constant (Ω Λ,0 ≤ 0). The total energy density is
If
In that case, the energy density is positive for a i ≤ a ≤ a f with
and
where we have defined The energy density starts from ǫ = 0 at a = a i , increases, reaches a maximum at
decreases, and reaches ǫ = 0 at a = a f . The relation between the energy density and the scale factor is shown in Fig. 13 . The proportions of stiff matter, dust matter and dark energy as a function of the scale factor are shown in Fig. 14. A. Anti-stiff matter, dust matter, and anti-dark energy
We consider a universe made of anti-stiff matter, dust matter, and anti-dark energy. From Eqs. (55) and (56) with Ω Λ,0 < 0, we get
The energy density is given by Eq. (30) where H/H 0 can be obtained from Eq. (87) with Eq. (86). At t = 0 the universe starts from a non-singular state at which the scale factor a = a i and the energy density ǫ = 0. Between t = 0 and t = t * where
the energy density increases from ǫ = 0 to its maximum value ǫ = ǫ * and the scale factor increases from a = a i to a = a * . Between t = t * and t = t 1 where
the energy density decreases from ǫ = ǫ * to ǫ = 0 and the scale factor increases from a = a * to a = a f . Between t = t 1 and t ′ * where
the energy density increases from ǫ = 0 to ǫ = ǫ * and the scale factor decreases from a = a f to a = a * . Between t ′ * and t 2 = 2t 1 the energy density decreases from ǫ = ǫ * to ǫ = 0 and the scale factor decreases from a = a * to a = a i . This process continues periodically with a period t 2 . The temporal evolutions of the scale factor and of the energy density are shown in Figs. 15 and 16.
IX. SOME ANALYTICAL SOLUTIONS INCLUDING THE RADIATION ERA
We now come back to the general equation (31) including the contribution of radiation and provide some particular analytical solutions.
A. Stiff matter and radiation
We consider a universe made of stiff matter and radiation. The total energy is
The energy density starts from ǫ = +∞ at a = a i = 0 and decreases when a increases. In the absence of dust matter and dark energy (Ω m,0 = Ω Λ,0 = 0) the integral in Eq. (31) can be performed analytically giving
At t = 0 the universe starts from a singular state at which the scale factor a = 0 while the energy density ǫ → +∞. The scale factor increases with time while the energy density decreases with time. The temporal evolutions of the scale factor and of the energy density are shown in Fig. 17 .
B. Anti-stiff matter and radiation
We consider a universe made of anti-stiff matter and radiation. The total energy is
and decreases. In the absence of dust matter and dark energy (Ω m,0 = Ω Λ,0 = 0) the integral in Eq. (31) can be performed analytically giving
At t = 0 the universe starts from a non-singular state at which the scale factor a = a i and the energy density ǫ = 0. The scale factor increases with time. The energy density starts from ǫ = 0, increases, reaches its maximum value ǫ * at t = t * where
and decreases. The temporal evolutions of the scale factor and of the energy density are shown in Fig. 18 .
C. Radiation
We consider a universe made of radiation. In the absence of stiff matter, dust matter, and dark energy (Ω s,0 = Ω m,0 = Ω Λ,0 = 0) we get
(101) This is a cubic equation for a/a 0 . At t = 0 the universe starts from a singular state at which the scale factor a = 0 while the energy density ǫ → +∞. The scale factor increases with time while the energy density decreases with time.
E. Radiation and dark energy
We consider a universe made of radiation and dark energy. The total energy is
The energy density starts from ǫ = +∞ at a = a i = 0 and tends to ǫ Λ when a → +∞. In the absence of stiff matter and dust matter (Ω s,0 = Ω m,0 = 0), we get
At t = 0 the universe starts from a singular state at which the scale factor a = 0 while the energy density ǫ = +∞. The scale factor increases with time while the energy density decreases with time and tends to ǫ Λ for t → +∞.
F. Radiation and anti-dark energy
We consider a universe made of radiation and anti-dark energy. The total energy is
The energy density starts from ǫ = +∞ at a = a i = 0, decreases, and reaches ǫ = 0 at a = a f . In the absence of stiff matter and dust matter (Ω s,0 = Ω m,0 = 0), we get
At t = 0 the universe starts from a singular state at which the scale factor a = 0 while the energy density ǫ = +∞. Between t = 0 and t = t 1 where
the energy density decreases from ǫ = +∞ to ǫ = 0 and the scale factor increases from a = 0 to a = a f . Between t 1 and t 2 = 2t 1 the energy density increases from ǫ = 0 to ǫ = +∞ and the scale factor decreases from a = a f to a = 0. This process continues periodically with a period t 2 .
X. CONCLUSION
In this paper, we have obtained analytical solutions of the Friedmann equations for a universe undergoing a primordial stiff matter era. This stiff matter era appears in the cosmological model of Zel'dovich [1, 2] in which the universe is made of a cold gas of baryons. It also appears in certain models of relativistic BECs with a stiff equation of state [3] . In this paper, we have studied the evolution of the homogeneous background. For the sake of generality, we have considered a positive or a negative energy density of the stiff matter (leading to singular or non-singular models of universe) and a positive or a negative value of the cosmological constant (leading to expanding or oscillating models of universe). In a future work, we shall consider the evolution of the perturbations in these models. This relation clearly shows that the new term is related to pressure effects. When P ≃ Cst, corresponding to γ → 0 in the polytropic model, we suggest that this new term describes dark energy. Our procedure may be used to obtain generalized models of dark energy by considering different expressions of P (ρ). In our approach, we have a single "dark fluid" described by an equation of state P (ρ) "unifying" dark matter and dark energy. We suggest that this dark fluid may be in the form of relativistic self-interacting BECs at T = 0 although other possibilities may be contemplated. If we assume that the energy density ǫ new of the new term is positive (in agreement with the observations), we conclude from Eq. (B4) that the pressure must be positive for γ > 1 and negative for γ < 1. In particular, for the index γ → 0 describing dark energy, the pressure must be negative. In the BEC interpretation, the pressure is negative when the self-interaction is attractive (K < 0). This may justify equations of state with negative pressure (such as the equation of state of dark energy) as already suggested in [29] .
It may also be relevant to consider the logotropic equation of state [33, 34] :
which can be viewed as the limiting form of a polytrope of index γ → 0 (n → −1) with K → ∞ such that A = Kγ is finite [34] . In the case of BECs, using the general relations of Ref. [29] , this equation of state can be derived from a Gross-Pitaevskii equation of the form 
For a → +∞, we get ǫ ∼ 3A ln a. Integrating the Friedmann equation (19) we obtain the "super de-Sitter" asymptotic behavior
This model will be studied in more detail in a specific paper.
